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Abstract 

Using the 1-loop reduced 3D action of the Abelian Higgs-model we discuss the order 
of its finite temperature phase transition. A two-variable saddle point approxima- 
tion is proposed for the evaluation of the effective potential. The strength of the 
first order case scales like ~ e 3-6 . Analytic asymptotic weak coupling and numeri- 
cal small coupling solutions are compared with special emphasis on the cancellation 
of divergences. 



1 



1. Introduction 



The observed asymmetry between matter and anti-matter in the Universe is 
very probably the consequence of some out-of-equilibrium situation in the course of 
its History, rather than part of the initial data. [An up-to-date progress report on 
the subject is provided by Ref. [1].] Any starting net baryon number would have 
been washed out by the high-temperature B-violating processes, which are present 
in thermal equilibrium even in the Standard Model of electroweak interactions. 

Out-of-equilibrium state of matter occurs in first order phase transitions. This 
circumstance has been successfully associated by Kuzmin et al.[2] with known C 
and CP violation and intense anomalous B-violation at high temperature in the 
Standard Model to argue that Sakharov's conditions [3] for baryogenesis can be 
met within a maximally known physical framework, too. Quantitative agreement 
with the observed asymmetry might enforce the extension of the particle content 
of the model enhancing the strength of CP-violating effects [4] . 

The present attention focused on the nature and the quantitative features of 
the electroweak phase transition should be appreciated on this background. The 
principal tool of the investigation is the effective potential at finite temperature. 

In the usual loop-expansion propagators of all particles are evaluated with 
masses extracted from the tree-level shifted Lagrangian. For small values of the 
scalar field some of the mass-squares become negative, what prohibits any clean 
interpretation of effective potential, the interface features, etc. Summation of the 
class of " daisy- type" , infrared sensitive contributions leads to the cancellation of the 
dangerous pieces [5] . A short-cut in this gradual procedure is to use the temperature 
corrected effective masses from the start [6]. A complete self-consistent treatment 
of the polarisation functions has been described by Buchmiiller et al. [7] (see also 
[8]), where the masses are roots of a set of gap-equations. 

The significance of the effective mass is obvious because the simplest signature 
of a second order transition comes from its vanishing. Also, the strength of a first 
order transition is characterised in terms of effective Lagrangians by the coefficient 
of the term cubic in the scalar field. This quantity is greatly influenced once again 
by the corrected mass of the longitudinal vector field [9] . 

An alternative procedure for avoiding infrared problems can be based on the 
idea of dimensional reduction [10]. In this approach an effective theory is derived 
for the static bosonic Matsubara modes, where temperature dependent masses are 
created by non-static modes. 

In a recent publication a saddle point approximation has been proposed for the 
solution of the effective theory and tested on the example of the pure scalar field 
theory [11]. The saddle point value of some auxiliary variable serves for the effective 
mass-square of the scalar field. The high-temperature phase corresponds to all of 
its components having the same nonzero mass. Infrared problems are avoided. 

A systematic expansion around the saddle point can be developed, where the 
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subsequent orders are organised in powers of the inverse number of the components 
(large-N expansion). 

Second order transitions can be approached with this method only from the 
symmetric phase. In case of first order transitions one can enter the broken phase 
down to the temperature, where the symmetric phase becomes absolutely unstable. 

A closely related approach has been put forward in Ref. [12], treating the 
effective theory with cut-off (s). The cut-off value(s) is(are) chosen proportional to 
the temperature in such a way that the final expression of the effective potential 
should reproduce the leading high-T behaviour determined in the 4D theory. This 
version of the reduced field theory has been applied already to the SU(2) non- 
Abelian gauge theory, too [13]. 

In the present paper the strategy of Ref. [11] will be applied to the Abelian 
Higgs-model. Integration over the non-static modes will be performed at 1-loop 
level. In the potential piece of the effective model terms up to quartic power in 
the static fields are retained (higher powers being suppressed at high temperature). 
Both the scalar field and the "thermal" component of the vector potential are 
treated on equal footing. The dependence of the effective Lagrangian on the static 
vector field is found by exploiting the 3D gauge invariance of the effective theory. 
(Section 2) 

The effective problem is solved by introducing auxiliary fields, respectively 
conjugate to the scalar complex field and the thermal component of the vector 
field. The dynamics of these fields is treated in a saddle point approximation. A 
simple argument shows that for any nonzero value of e the transition is of first order 
nature in our approximation. The saddle-point equations can be solved analytically 
in the asymptotic weak coupling regime. (Section 3) 

Finally, a numerical solution for small, but finite couplings is also presented. 
Here the non-trivial question of the cancellation of 3-dimensional infinities pro- 
duced in the course of the derivation of effective models is carefully investigated. 
Also detailed comparison with other approximate treatments available in the recent 
litterature is given (Section 4). Conclusions are summarized in Section 5. 
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2. Derivation of the effective model 

The field theory under investigation is defined by the following Euclidean action 

S = -J d 4 x[^F mn F mn + \\D m §\ 2 + \m 2 \§\ 2 + ^|$| 4 ], (2.1) 

where $ is a complex field and 

Fmn = d m A n - d n A m , D m $ = (dm + ieAm)®, m=l,..,4. (2.2) 

It is convenient to rewrite (2.1) in three-dimensional notation (the "time"- 
components are indexed by r): 

S = - j d^F.jFij + ^A,) 2 + ^At) 2 - (diAiWrAr) 

+ ||M>| 2 + ±\d&\ 2 + y (A 3 T + a 2 )\$\ 2 + ^pd>«9 r d>* - $*a T $) 

+ _ cr^d)) + im 2 |$| 2 + ^|d>| 4 ]. (2.3) 

The first step of the derivation is the separation of the static parts of the fields: 

Aj(x, r) = Ai(x)+ai(x, r), A T (x, r) = p(x)+a r (x, r), $(x, r) = t£ (x)+¥?(x, r) 

(2.4) 

with the non-static parts fulfilling f ciidr = f a T dr = f tpdr = 0. 

The purely static part of the action is a three-dimensional theory of the form 

S (0) = -/3 J d\[\F ij F ij + \{d iP f + \\d m \ 2 + e ^ (,4 2 + p 2 )M 2 

+ ^y 1 (>od l v?o - Vo^o) + ^m 2 |v? | 2 + ^IVo| 4 ]- (2.5) 

The effective theory is obtained by integrating over the non-static fields in the 
Gaussian approximation. For this operation it is the most convenient to work in 
the static thermal gauge: 

a T = 0. (2.6) 

Since the three-dimensional (spatial) gauge-invariance is left intact, it will be ex- 
plicitly displayed by the resulting action. 
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Sg> = J #x[-\(d i a i ? + \{d iai f - l -{d Tai f - \\dM 2 ~ \\dM 2 

1 2 2i |2 1 2 2i |2 ^ e / q * *a \ 

~2 e a ;l^o| - 2 e P M ~ -^PVPVrV -<po T <p) 

1 2i |2 ^ / 2 *2 , *2 2 , j I |2i |2\ 

— 2 a*(¥>o0*<P* + ^i^o - Po^iP - <P*0*<Po)] ( 2 -7) 

In (2.7) also -Aj(x) is set to zero, since by the three-dimensional gauge invariance 
this functional dependence of the effective action can be restored from the kinetic 
part of the action. In this paper we neglect the " renormalisation" of the kinetic 
part, only the effect of the non-static modes on the potential will be discussed. 
(The modification of the kinetic term can be studied using the procedure described 
in Ref.[14]). This is the reason why we use only the <po and p background fields, 
which are set for our restricted purpose to real constants. 

The most convenient form of (2.7) for the functional integration is found after 
several integrations by parts and by exploiting the periodicity of the small fields in 
r: 

S<£ =- J d 4 x{± ai [(-D E + 6^1)8^ + i i ]a i 
+ ^(fi(-D E + eV + m 2 + ^<fo)(pi 

+ ^(p 2 (-D E + e 2 p 2 + m 2 + ^<pjj)<P2 

+eipoip 2 diai + ep{(p 2 d T (pi - (pid T ip 2 ) }, (2.8) 

where the notations D E = df + d 2 and <p = <pi + itp 2 are introduced. The result of 
the integration can be expressed in familiar Fourier-sums: 

PV U eff (p, <po) = (3V [\m\l + + yPVo] 

n/0 k n=£0 k 

(2.9) 

with k 2 = u 2 + k 2 , u n = 2n[3 1 n and 
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A t = 2eV + 2m 2 + (— + e 2 )cp 2 , A 2 = -4e 2 p 2 , 
Bl = (eV + m 2 + ^o)(e 2 p 2 + m 2 + + e 2 )^ 2 ) - 4e 4 pVo- 

S 2 = e 2 ^ 2 (e 2 p 2 + m 2 + ^ 2 ), C = e 2 ip 2 (e 2 p 2 + m 2 + ^^)(e 2 p 2 + m 2 + ^o)- 

(2.10) 

For the high-T asymptotics the logarithms in (2.9) are expanded into power se- 
ries, which can be stopped at o(/c -6 , cu _2 /c -4 , ...) since these terms would contribute 
o(m 2 /T 2 ) to the potential. The evaluation of the n^O sums is followed by that 
of the k-integrals (V — > oo) with a sharp cut-off A. Collecting the contributions up 
to quartic terms one finds 



1 2r 2 z 2 -^ o 2w A 2 A 1 \ m 2 2A 2 , m 2 ,2A o2 Nri 

1 2 2 1 m 2 Ae 2 e 4 p 4 
+ 2 P [e + " ^ J + 24^ 

+#i A + 3 4 A2 +r 2A+ f^-'>i- < 2 - n » 

The abbreviation / denotes the logarithmically divergent integral 

^ i 1 1 

2x ' x(e x — 1) x 



r KI3 i 

/ cfe( — + — r-^r). (2.12) 



The renormalisation prescriptions for the couplings are chosen by fixing the 
second derivative with respect to the scalar field to the renormalized mass, the 
fourth derivative to the renormalised scalar self-coupling and the coefficient of the 
scalar - thermal vector component vertex to the electric charge in the effective 
potential at T = 0: 

9 9 ,2A „ o, A 2 m 2 ,2A „ 9 , r m 2 ,2A 9 , 

m 2 = m 2 + (— + 3e 2 ) — = 7 (— + 3e 2 )H = ( — +e 2 ), 

fl V 3 ; 8tt 2 4tt 2V 3 ; 8tt 2V 3 ; ' 

4 = e . [1 + ( | +8e » )g L-^i], 
A «- A + ^ A2 + r 2A + ^- 7) ' (2 ' 13) 

The renormalised effective potential takes a form, where the three-dimensional 
"counterterms" are displayed explicitly (below we omit the subscript R from e 
and A): 
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U effR = -ifl \m 2 + (—+ 3e 2 )-^- - (— + 3e 2 )^-l 

199,9 1 i r 9, 1 m 2 , Ae 2 e 4 p 4 A<p 4 „ „, 

V** + - 2 AA W + jjs) - ^] + ^ + -f. (2.14) 

It is notable that by the gauge invariance of the full theory no quadratic divergence 
has appeared related to the p-field. However, in the effective model, where it plays 
the role of an extra scalar field, the necessity of an appropriate p-mass renormal- 
isation is indicated by (2.14). Also the plasmon mass in front of p 2 is correctly 
reproduced. 

In order to work with truly three-dimensional quantities the following rescaling 
is done: _ 

Ui = v 7 /?^, r = y/pp, <j> = v^o, 

«-^. (2.15) 
With this notation the final form of the 3D effective theory is written as 



~>3D 



+ 2^ r4+ r V| ^ 2 ]' (2 - 16) 

where the £/i(Aj)-dependence is restored and the abbreviations 
2 2 , /2A 2 \ 1 /2A 2\ A 



ml = m R + (— + 3e z )— — - (— + 3e^) : 



3 y 12/3 2 v 3 y 27r 2 /3' 

™?=^ + ^ ) -^ <2 ' 17) 



are introduced. 



Eq. (2.16) differs slightly from the effective theory of Ref.[12]. It implies the 
complete determination of the r-potential. Also the correct T-dependence of m 2 



and m 2 is achieved without the somewhat artificial step of introducing different 3D 
momentum cut-off scales for different fields. The investigation below concentrates 
on the suppression of the Higgs-effect with increasing temperature. Therefore, in 
the next section only the spontanous creation of a vacuum expectation value for 
(f>(x) will be investigated. However, in some physically more appealing situations, 
one might attempt a broader unconstrained analysis of the competing condensations 
of 4> and r in different regions of the (A — e 2 )-plane. 
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3. Two-variable saddle point approximation of the effective potential 

The approximate solution we are going to discuss in this section shares with 
other improved perturbative methods the feature of allowing some masses to take 
temperature dependent values. Instead of generating these expressions from sum- 
ming infrared singular diagrams or from self-consistent equations for polarisation 
functions, we extend the model by introducing auxiliary variables, and include the 
contribution from their saddle-point values to the masses. The actual procedure will 
influence the effective masses of the scalar and the longitudinal vector components. 

The auxiliary fields are introduced by the standard Hubbard -Stratonovich 
transformation [15] of the quartic terms in the action (2.16): 

r-C+ioo 11 1 

/ dxexp{-x a B af 3X(3 ~ oXaA a } = const, x exp{--A a B-gA p } (3.1) 

JC-ioo ° 1 1 

(a = 1, 2). In the present case the matrix B and the vector A are found from (2.16) 
A = (f* |#P), * = - ( % -$) (3.2) 

V 2 127I- 2 / 

The extended form of the 3D action reads 

S 3D [xa,<i>,U i ,r} = - J dZx^i&Urf-^U^ + ^m + ieU,)^ 2 

1 / @9 1 \- 1/ 9 2 2 2\") /o o\ 

-2? ( 36^" 1} (^1-^X1X2 + ^X2)} (3-3) 
with the mass squares modified by the auxiliary fields: 

M| = m| + X2 , M? = m 2 r + X i. (3.4) 

We approximate the x a -integrals by real, optimised saddle-point values and 
evaluate the 0, Ui and r integrals on their background. This is the standard proce- 
dure when the number of components of the scalar field is large. Here the expected 
nature of the T-dependent corrections to the <p- and r-masses suggests this ap- 
proach. There is no formal argument for fast convergence of the expansion around 
this saddle. An eventual agreement with results of the improved perturbation the- 
ory could be considered as a positive sign for the adequacy of our method. 
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For the 1-loop evaluation of the effective 3D potential the value of the the 
0-field is shifted by 0. The integration over the variables Ui and <p are decoupled 
with an appropriate gauge-fixing function added to (3.3) [14]: 

Sgf = 1 LJ d * x ( diUi + a *) 2 . (3.5) 
The corresponding Faddeev-Popov ghost contribution is 

Ulf f , 9ho8t = Trlog(-df + ae 2 ^ 2 ). (3.6) 



The formal result of the Gaussian functional integrations is summarised as 
VUf f f = ilUogfo + e 2 ^ 2 ) + (1 - -)«9^] - Trlog(-(9 2 + ae 2 ^ 2 ) 



+ Itt log(-«9 2 + M 2 ) + ^THog(-«9 2 + M 2 ) + ^Trlog(-«9 2 + M 2 + ae 2 2 ) 

+V[\MW + " ^r^l + ^xl - e\ lX2 )]. (3.7) 

The traces in the above expression were evaluated with sharp cut-off A 3 : 

Uf f f = A 3i ^(2e 2 <p + M 2 + 2M|) + ±M 2 ^ 2 

1 , Pg 9 2 , ^fi 2 2 \ 

+ 2? (1 -36^ } (^i + I^2^- e ^) 

L[_( ac 202)3/2 + 2e 3^|3 + M 3 + ^ + (M J + ^2)3/2^ (g.g) 



12tt 



The finiteness of the expression in the third line of (3.8) requires the renor- 
malisation of the Xa values [11] as seen from the detailed expressions of M 2 and 



M 2 : 



2A A 

Ml = m\ R -{— + 3e 2 )^^ + X 2, 



3 j 2tt 2 P 
Ae 2 

<n = < + (y + 3e 2 )^, ml R = e 2 (^ + g). (3.9) 

The cancellation of the infinities implies the existence of the cut-off independent 
saddle-points 

Ae2 / 2A 2 A 

Xii? = Xi"^ X2i? = X2-(y + 3e )^. (3.10) 



One reexpresses the x-dependent part of (3.8) and throws away the (infinite) 
constants arising in this way. Below, we write down in separate expressions the 
linearly divergent and the finite parts of the effective potential after reintroducing 
4D notations. For the simplification of the expressions from this point we use the 
a = gauge. 

U ef f,div = A 3^(2e 2 $ 2 + XiR + 2X2r) 

- A i (1 - ^'^M + 3e2) - «4<T^ ( T + 3e2) - (3 ' n) 



1 2A T 2 

Ueffjinite = ^[m 2 R + ( — + 3e 2 ) — + X 2rW 

1 i 1 - ^^) _1 (Axifl + St^xIr - e 2 XiRX2R) 



2e 4V 36tt 2; v i2^ 1K 12tt 2 ' 
: [2e 3 $ 3 + (e 2 (^ + ^|) + xi fl ) 3/2 +2(m 2 , + (^ + 3e 2 )^ + x 2fl ) 3 / 2 ]. (3.12) 



12tt v v 3 4tt 2; /V1 " ; v h v 3 '12 

The vanishing of (3.11) should be automatic, when x a ,i?(^ > ) extremising (3.12) 
is substituted into it. The only freedom we have is to choose A3 in constant pro- 
portion to A. A sufficient condition for this is to find 

XcR = c Q i +c a2 $ 2 , (3.13) 

since the field-independent parts of U e ff,div can be omitted. The fulfillment of 
(3.13) should be checked for any solution to be presented below. 

The saddle point coordinates should be determined from the following extremal 
conditions: 

dUeff, finite _ T 2 1 1/2 , 1 /-, A \-l/ X ,, \ _ n 

dUeff, finite _ 1 ^2 , 1 ^ e ,, \ ^ r^2 ll/2_ n 

(3.14) 

The location of the non-trivial minima of the effective potential is determined 
by the equation 



0U ' n : = k« + rf]~*=0. (3-15) 



a$ 2 2 L ^ v yj 4tt 
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The phase structure in the A — e 2 plane 



It is not difficult to argue that eqs.(3.14-15) imply a first order transition for 
any non-zero value of e 2 . 

From the first equality in eq.(3.14) for e 2 — > one realizes that xm an d X2R 
are related to each other for all values of 

^XiR ~ e 2 X2i?- (3.16) 
Using this relation in the second equality one solves it for the full "effective" mass 

^ 1/2 =[x2i ? + m 2 , i? ] 1/2 (3.17) 

leading to 

ai/2 -i[-^ + ((S + <* 2+ ™-») l/2 ]- ^ 

Defining the temperature T 2 , where the symmetric minimum becomes absolutely 
unstable (H(& = 0) = 0), a simple expression is derived for H(&, T 2 ): 

^) 1/2 = ^-i + <(S + t* 2 ) i/2 i- < 3 - i9 » 

After substituting (3.19) into (3.15) one sees the origin transformed into local max- 
imum, while a non-trivial minimum is found at 

®rnin = ^+o(e 2 T 2 ). (3.20) 

This behaviour has been confirmed by the numerical solution of (3.14-15) for 
A = 10~ 5 . It is interesting to note that Fig. 1 also illustrates the difficulty of such 
test. The solution of (3.14) with restricted accuracy leads to an apparent stopping 
of the position of <fr m j n when the charge e becomes small enough. With gradually 
improved accuracy one observes the formation of a linear envelope in the interval 
e G (10" 7 ,10- 3 ). 

The form of U e ff(T 2 ) shows that for T c > T 2 the distance between the origin 
and the non-trivial minimum is finite, the transition is of first order nature. How- 
ever, the effect of contributions from fluctuations around the saddle point might 
change this conclusion. 

The asymptotic weak coupling solution 

A fully analytic selfconsistent construction will be presented for the solution 
of the gap equations when A << l,e 2 << 1. Special attention will be paid to the 
cancellation of the linear divergencies. 
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It is convenient to introduce the notations 

2 e 2 Tm r , R 

™ e ff = ™<$>,R 

and 

« = 1 - - ^ (3 ' 21) 

The temperature range covered by our analysis will be controlled by requiring 



ff ~ o(e n T 2 ). (3.22) 



From the previous subsection it is clear, that T 2 > T| — 36m 2 ? /(2A + 9e 2 ). 
Therefore, m r ^ ~ o(eT). 

Our fundamental assumption is that in the relevant T-interval Xi << m r r> 
which will be checked on the solution. Under this assumption we expand the square- 
root of the first equation of (3.14), and find an approximate linear relationship 
between xi and X2- Using it in the second equation of (3.14) one writes for m 2 ^ R + 

X2R- 

™^,R+X2R + — Jml R + X2R-(Q$ +m e// )+o(— 3 , —-— )= 0. (3.23) 

v " b r,R " L r,R 

Its solution yields 

Ae 4 Tm r , fl Qe 2 T 2 2 2 
Xlfl = -^4W + ^^ +e$ 

e 2 T r g 2 T2 - 2 2 ,1/2^ { e^TxiR e^Tx2R, 

The range of where this solution is required to be valid should cover the 
anticipated second non-trivial minimum of the potential. The order of magnitude 
of its distance from the origin can be estimated with help of (3.15), when the above 
expression of X2 is substituted: 

miff + Q*Ln - (f ) 3/2 f - ^rmn = 0- (3.25) 
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That part of the A — e 2 -plane will be considered, where terms proportional to 
Q can be neglected in the equation of & m in'- 

= ~ o(e n - 3 T). (3.26) 

Since the requirement xir << m v r implies $ << T, one has to require n > 3. 
A posteriori checking the order of magnitude of the omitted terms in (3.25), the 
consistency gives the condition 

Tl 

Q < o(e m ), m = max(6-n,-). (3.27) 

This estimate can be used for further simplifying the expressions of the saddle point 
values: 

Xir = - € -^ m -ff + ^ + o(Q 2 T 2 ), 

X2R = ~^™>r,R ~ ^ m -ff + Q® 2 + o(Q 2 T 2 ). (3.28) 

The order of magnitude estimate of the errors in (3.28) allows for n the range 
3 < n < 4. It is this range which fixes, how close we can tune our solution to the 
m e ff = temperature. (It is worth to notice that from here by the definition of 
Q also A ~ o(e 3 ) follows. Also one explicitly sees that xir is negligible relative to 

m l,R-) 

Before going to the description of the behaviour of U e ff, we consider (3.11), 
the linearly divergent piece of the potential. One finds that choosing 

A 3 ^A(1 + ^) (3.29) 

its cancellation is ensured, since our solution (3.28) is conform with (3.13). 
The leading expression of the potential then is given by 



U eff = \mlff& - £e 3 $ 3 + |$ 4 . (3.30) 



Up to the modification A/6 — > Q this expression coincides with the improved 
form derived by Arnold [6]. It has been checked on the numerical solution 
(A = 10" 5 ,e 2 = 10" 4 ) that the solution is very well represented by the above 
formulae. Note, however, that the only reasonable comparison was to calculate the 
effective potentials at the transition temperatures of the respective approximations. 

The weakening of the strength of the first order transition for small e can be 
characterised by the scaling of the height of the barrier between the degenerate 
minima at T c . From (3.30) one finds the power e 3n ~ 6 . In view of the allowed range 
of n this leads to a "height-exponent" between 3 and 6. 
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4. Small coupling numerical solution 

The solution of the system (3.14) exists whenever the squre roots appearing 
in these equations take real values. We have explicitly found Xa,R i n the full $ 
interval covering both minima of the potential for the coupling space 10 < A < 
10 _1 ,10~ 6 < e 2 < 0.5. In the whole region the symmetry restoration proceeds 
through first order transition. The situation is well illustrated by Fig. 2, where also 
curves of the effective potential below and above T c are displayed. All quantities are 
displayed in proportion to an appropriate power of the T = 0, tree level expectation 
value of The complex nature of the effective potential expected in intervals of 
non-convexity does not show up in the present approximation. 

Our solution for these not asymptotically small couplings (A = 0.07, e 2 = .32) 
clearly deviates from the weak coupling solution of the previous section. The mea- 
sure of the deviation can be quantitatively assessed by Fig. 3, where the numerically 
obtained X2R is displayed together with (3.28). The deviation is small near $ = 0, 
but increases gradually towards larger It is notable that X2 yields a negative 
contribution to the effective mass of $ near the origin. This represents a tendency 
towards the instability of a homogenous background expected for small values of 
the field and for temperatures below the appearance of the non-trivial metastable 
local minimum. In case of xir the deviation of the numerical solution from the 
asymptotic weak coupling formulae cannot be resolved visually on the same scale. 

From the point of view of selfconsistency the cancellation of the linearly di- 
vergent piece should be investigated. Any deviation from zero would point to the 
importance of corrections to the saddle point approximation. In Fig. 4 the coeffi- 
cient of A3 in eq.(3.11) is displayed (T) against the same quantity in front of A(A). 
The observed fully linear behaviour makes our leading approximation selfconsistent 
in an extended part of the (A, e 2 ) plane. The slope is found extremely close to unity, 
supporting the validity of the weak coupling relation (3.20). 

Our results can be compared quantitatively with curves of the effective po- 
tential published in [7] for not asymptotically small couplings. The values A = 
0.15, e 2 = 0.25 correspond to Fig. 8 of Ref [7]. The temperature closest to the 
actual transition, which can be faithfully described perturbatively according to 
the authors is T* = Ty (in their notation), the temperature where the infrared 
sensitivity of the vector contribution to the potential becomes important. Its 
value for the above coupling point is Ty = 0.647. Since there the deviation of 
U eff (0,T*) from U ef f($ min ,T*) is at the 10" 10 level, T* for all practical pur- 
poses can be considered as T c of the approximation scheme [7] in this point. Our 
method leads for the same couplings to T c = 0.646. The barrier height between 
degenerate minima at T c in proportion of the fourth power of the T = 0, classical 
vacuum expectation value of the Higgs field in the respective approximations is 
U efi {§ max ,T c ) = 1.76 x 10" 5 [7], 1.48 x 10" 5 (present work). Finally, the Higgs 
expectation value at the transition in proportion to its T = 0, classical value is 
5>min(T c ) = 0.492 [7], 0.463 (present work). 
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5. Conclusions 

In this paper we have described in detail a two-variable saddle-point improve- 
ment of the 1-loop finite temperature effective potential of the Abelian Higgs-model. 
Its main advantage is that it avoids the need to discuss explicitly the delicate prob- 
lem of infrared sensitivity. On the other hand it is quite complicated to go beyond 
the leading saddle-point approximation in the Abelian case compared to the pure 
scalar model with N = oo components. 

Nevertheless the practical renormalisability of the effective potential beyond 
asymptotically small couplings allows a rather clean interpretation of the leading 
order results beyond the domain of its strict applicability. The good quantita- 
tive agreement with more standard perturbative improvements gives confidence in 
applying the method to more relevant systems, too. Explicit calculations of the 
o(e 2 ,A 2 ) corrections in the scheme of [7], and the evaluation of the fluctuations 
around the saddle point in the present approximation might decide if this spectac- 
ular agreement is more than just an accident. 

The first order transition we observe is extremely weak. The barrier between 
the degenerate minima at the transition seems to scale like ~ e 3-6 . 
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Figure Captions 

Fig.l Shifting of the position of the non-trivial minimum of the effective potential 
at T2 with decreasing e as found from the numerical solution. The leveling off is 
the result of the finite accuracy of the solution. The true behavior as it is predicted 
by the weak coupling analysis is given by the common envelope. 

Fig.2 The effective potential for A = 0.07 and e 2 = 0.32. The three curves illustrate 
the ability of our method to describe the neighbourhood of the transition in both 
phases 

Fig. 3 Comparison of the weak coupling and the numerical solutions of X2R in the 
same A, e 2 point as for Fig.2 (T = T c ). The curve 1 gives the numerical solution for 
X2, curve 2 represents its weak coupling solution (3.28). 

Fig. 4 Illustration of the linear relation between A3 and A for couplings as above. 
The coefficient of A 3 is denoted by T, that of A by A (T = T c ), 
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